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Response of Charring Ablators to Severe Aerodynamic
and Erosion Environments

R. M. Clever*
Science Applications, Inc., ElSegundo, Calif.

and

V. E.Dennyt
University of California, Los Angeles, Los Angeles, Calif.

Results of an analytical study for the transient and quasi-steady response of a typical charring ablator to
severe aerodynamic and erosion environments are reported for heating loads and particle-surface interactions
which are representative of wind tunnel tests as well as re-entry conditions. The coupled erosion-char formation
process is shown to be self-limiting, and both discrete and continuous models for erosion of partially charred
material, based on experimental data for virgin and fully charred material, are found to give similar results. The
numerical solution procedure is illustrated for typical re-entry conditions with cloud and/or dust layers located
at altitudes of 50, 35, and 10 kft. Application of simple quasi-steady theory is shown to under-predict total
recession.

Nomenclature
Ad = damage area, f t2

A j — frequency factor for /th pyrolyzing reaction state,
sec-1

c = specific heat, Btu/lb °R
Dp = particle diameter, ft
EI = activation energy for /th pyrolyzing reaction state,

Btu/lb-mole
G = mass exchange factor
h = enthalpy, Btu/lb
Hr = recovery enthalpy, Btu/lb
j — diffusive flux, Ib/sec f t 2

k = thermal conductivity, Btu/sec ft °R
L = surface recession, ft
L = surface recession rate, fps
m" = mass flux, Ib/sec ft2

nf = reaction order for/th pyrolyzing reaction state
P = penetration depth, ft
Pe = external pressure, atmospheres
q = heat flux, Btu/sec f t 2

(R = universal gas constant, Btu/lb-mole °R
Sth <= Stanton number for heat transfer
tft* = time, sec
T = temperature, °R
ue = external velocity, fps
vv = erosion rate for virgin material, fps
v ̂  = particle velocity, fps
y = coordinate normal to surface, ft
y* =y-i
6 50 = depth at which (p — p c ) / ( p v — pc) =0.5, ft
dir = depth at which (p-p c) /p c . = 0.01, ft
d'fif = depth at which (p y -p) /p t , = 0.01, ft
e = emissivity
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e,, = (p-pc)/(pv-pc)
6 = frustrum angle, rad
X y = penetration depth for virgin material, ft
p = density, lb/ft3

a = Stefan-Boltzmann constant, 4.76 x 10 ~1 3 Btu/sec
f t2 °R4

r = obscuration time, sec

Subscripts
o = at time zero, for zero blowing
oo = at infinity
c = of char
cw = cold wall
d = damage
e = at the boundary-layer edge
eff =. effective
er = due to erosion
g = of gas
h = for heat transfer
/ = /th reaction state, /th node point, /th species
j — for virgin or char
p = of a particle
ref = reference
5 = of solid
v = virgin material
w = at the wall

Introduction

THE most general analytical treatment of heat trans-
fer to charring ablators in practical heat-shield ap-

plications requires simultaneous solution of the governing
conservation equations for the external environment and
those for the in-depth response of the ablative material.
Usually, the resulting coupled problem is time-dependent as
well. In addition, heat-shield shape changes can occur which
further complicate analysis of the external problem.

Historically, therefore, it has proved necessary to reduce
the scope of a given analysis by introducing simplifying
assumptions and by restricting attention to appropriate
limiting cases. For example, it is usual practice to represent
heat transfer to the ablative surface by means of standard
correlations for high-temperature boundary-layer flows, in-
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troducing correlation factors for blowing1'2 and for gas-phase
chemical reactions,3'4 taking cognizance of the effects of
shape change on, for example, the locations of the sonic point
and transition to turbulence, and assuming negligible tem-
poral storage of thermal energy and unity effective tran-
smissivities for incident thermal radiation in the nongray cold
gas-layer near the ablator surface. (For modest turbulent
Reynolds numbers and high blowing rates of pyrolysis gas,
the latter assumption may incur appreciable error.5'6) Fur-
ther, quasi-steady solutions of the overall problem may be ap-
propriate when vehicles travel at hypersonic speeds and sur-
face recession rates due to ablation and erosion are both
steady and large.7 However, such limiting cases are inap-
propriate when, for example, erosion is intermittent, as may
often be the case when a vehicle passes through discrete clouds
and ice or dust layers, or recession rates are small. Finally, it
generally is accepted that one-dimensional treatments of the
in-depth response of the ablative material are appropriate.

The purpose of the present paper is to report results for an
analytical study of ablation under conditions of intermittent
erosion, with associated fast transients in recession rates and
in-depth response, for typical suborbital entry of an ablative
heat-shield. The solution approach is one of coupling a
numerical solution of the in-depth thermal decomposition
problem to a straightforward correlation for the surface heat
transfer which accounts for aerodynamic heating, blockage
due to blowing, and thermal radiation. Removal of surface
material by erosion is modeled semi-empirically using ex-
perimental data for the erosion rates of virgin material and
spent char, and assuming linearly weighted rates for in-
termediate states. The latter procedure proves to be adequate
since intermediate surface states are found to be self-limiting.

The physical situation is depicted in Fig. 1, where y* =
y—L(i) represents locations relative to the free surface, L(t) is
the surface recession, m "g is the mass flux of pyrolysis gases
due to in-depth thermal decomposition, and pv and pc are the
densities of virgin ablator and spent char, respectively. The
general features of the coupled ablation-erosion problem will
be illustrated for a typical charring ablator, simulating typical
entry conditions by means of an initial "thermal-soak"
period (300-*50 kft) followed by intermittent erosion to
ground level.

Analysis
Mathematical Model

The in-depth response of a charring ablator involves a
strongly coupled set of nonlinear equations governing non-
steady heat transfer, material decomposition, and pyrolysis
gas flow. The thermal energy equation is coupled to that for
material decomposition via source terms, which account for
the effects of transpiration and heat of reaction, and state-
dependent material properties. In turn, the equations for local
decomposition and overall mass conservation involve tem-
perature-dependent chemical kinetics. Accordingly, the gov-

Fig. 1 Schematic of one-dimensional pyrolyzing ablator with surface
erosion.

erning equations for energy conservations,8 material decom-
position rate, and pyrolysis gas mass flux are taken as

dT_
dt <*

*\dp

*; = - \ ~^y

(1)

(2)

(3)

where subscripts g and 5 denote gas and solid, respectively.
With y* -y — L(t), t* = t, and hg=\^oCgdT, Eqs. (1) and (2)
assume the form

3T dT dp_
dt

+ (pcL + m" cs)
dT
dy*

dpdp . dp
dt* ~ dy* dt

(4)

(5)

Boundary and initial conditions for the problem are taken as

at /* =0,

as j>*—> oo, and

(6)

(7)

-k
dT dT

h (8)
at the ablator surface. Following standard practice, the first-
term on the right is replaced by peueSth(Hr-hw) and nor-
malized with respect to the no-blowing flux peueStho(Hr —
hwo). The resulting Stanton number and enthalpy ratios, as
well .as the char mass-loss factor m"/peue, were then corrected
using data from Ref. 9.
Thermophysical Properties

For illustrative purposes, a typical charring ablator was
chosen for which kv, kci and c varied with temperature as

Table! Ablator properties

T(°R)

460
560
660
760
860
960

1460
1960
2460
2960
3460
5000
9000

kv x 104

(Btu/secft °R)

0.95
1.12
1.22
1.30
1.35
1.38
1.75
2.12
2.45
2.90
3.27
4.48

' ' ,. 5.23

kc x 104

(Btu/secft °R)

0.67
0.79
0.86
0.91
0.94
0.97
1.22
1.48
1.71
2.02
2.29
3.14
3.66

ca

(Btu/lb°R)

0.225
0.29
0.32
0.35
0.38
0.40
0.50
0.52
0.53
0.54
0.55
0.55
0.55

°For many ablators, the difference between .the specific heats of virgin and
fully charred material is not appreciable and it is reasonable to assume c to be
compositichi independent.
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given in Table 1. The densities of virgin and fully charred
material were taken as 90.4 and 74.0 lb/ft3, respectively;
while, cg and hg-hs were taken as 0.4 Btu/lb °R and 9300
Btu/lb, respectively. A three legged kinetics expression was
used when / i=2;-£ / = 1208, 25200, 56041 Btu/lb-mole; and
,4, = 5 .1xlO- 4 , 85.4, 1.01125X106 sec'1 w i t h / = l , 2, 3. A
simple combining rule for thermal conductivity

k = evkv+(l-ev)kc (9)

was selected, where €„ = (p-pc)/(pv-pc).

Solution Method

Equations (2-9) were solved numerically, approximating
first and second spatial derivatives by means of implicit, 3-
point, central difference analogs and time derivatives as back-
ward difference expressions. Since the results proved to be
relatively insensitive to numerical error in mg', the quadrature
in Eq. (3) was effected by the simple trapezoidal rule. The
resulting coupled set of nonlinear algebraic equations was
solved at each time step by means of simple iteration.
However, it was found that convergence of the iterative
scheme was enhanced upon linearizing the (hg—hs) dp/dt
term in Eq. (4) as well as Eqs. (5) and (8) about previous
iterates (°).

or

d (10)

The implicit solution of Eq. (11) merits special attention. As
shown in the Appendix, attempts to advance Eq. (11) ex-
plicitly, with or without successive iterative advances in L
x(dp/dy*) and dp/dtt is inherently unstable for
A^* >0(Ay*/L). For small mesh spacings and large erosion
rates, therefore, an explicit treatment of Eq. (11) would
require prohibitively small time steps. This difficulty was cir-
cumvented by approximating dp/dy* by means of the second-
order correct expressions (pi+1— p / _ ; ) /2Ay* for / > 2 (y*
> 0),and(4p3-3p2-p4) /2Ay* for/=2 (y* =0),giving

(13)

(14)p3=A3p4+B3p2

etc. On eliminating p4 from Eq. (13) using Eq. (14), there
results the set of algebraic equations

p/= ,4*p / + / (15)

which, with B*2 =0, yields to simple inversion by means of suc-
cessive substitution on noting that p , — pp for / sufficiently
large.

Because of the presence of various regimes in a typical re-
entry environment wherein the thermal and material-
decomposition response of an ablating/eroding solid may dif-
fer by orders of magnitude, time-dependent nodal systems
were assigned in such manner as to constrain the thermal and
pyrolysis zone calculations to regions of significant gradients
in Tand p. For the thermal zone, an initial given number7max
of node points was either increased or decreased by N
(holding Ay* fixed) after each time step according to whether

4>. 757 >NqwxlO~4

$0.7 <0.75

respectively. In addition, upper and lower bounds on /max
were imposed such that / (></m a x</w . For the situation in
which addition of N nodes would result in Imax>IUf alternate
nodes were deleted from the thermal nodal system, 7max being
effectively cut in half. For, /max</ f , Imax was approximately
doubled by introducing intermediate nodes midway between
existing nodes, using quadratic interpolation to assign the
corresponding values of T and p. Typical values of /, and Iu
were 98 and 200, respectively. In a similar way, a dynamic
pyrolysis-zone nodal system was assigned such that dp/dt> ep
= 10"3 was maintained. Outside this zone, p = pc or p = pv as
appropriate.

Erosion Modeling

In view of the complex dependence of erosion charac-
teristics on material state, progress on an appropriate model
for partially charred ablators dictates that simpifying assump-
tions be made. Also, the bulk of experimental data available
pertains to either virgin or fully charred states, and it proves
convenient to model erosion in terms of these limit states. For
either limit, therefore, the data admit identification of mass-
exchange factors

Gj=rii" (16)

where the m" 's are erosion-loss mass fluxes and ppoovOQ^m6 is
the mass flux of incident particles. It further provides con-
venient to express the m/'s as

(17)

where the P7's are penetration depths for equivalent cavities
with uniform cross-sectional areas taken as the surface
damage areas AdJ (i.e., P/<P/,max)> and the r/s are "ob-
scuration" times, i.e., the times between successive impacts
locally. The latter are related to the Adj's by means of the
general expression

Tj=pp(irD3
p/6)/(AdjppoovOBsme) (18)

With the G/s and the Adj's known from experiment, the
penetration depths for virgin and char are given by

Pj=ppoov00sm6/(pj/GjTj) (19)

A transition-state model for erosion of partially charred
material may next be developed in terms of effective
penetration depths and damage areas for the case of in-depth
variations in material density. The effective penetration
depth, Peff, will be established in terms of: 1) the P/s for
virgin and fully charred material; and 2) a presumed func-
tional dependence on Peff on density, an assumption which
will prove to have negligible effect on the final results. It is
convenient to introduce a dimensionless penetration depth, P*
x (p) , such that P(p) = P,P* (p) . The limiting values of
P* are thus 1 for virgin and PC/PV for fully charred material.
For present purposes, P* is assumed to decrease linearly with
increasing p, i.e., increasing depths The effective penetration
depth is now taken as Peff =PVP*, where P" is an integral
average of P* over the effective penetration depth

p Peff f Peff
= P * ( p ) d y / \ dy

.' n . n
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Substituting for P*

Peff

Similarly, the effective damage area may be determined in
terms of 1) the AdJ's and 2) an assumed functional depen-
dence of damage area on either pw or p, the latter being an in-
tegral average of p over Peff. As before, on introducing a
dimensionless damage area A d such that A d decreases linearly

entry where qcw typically is small. With erosion, L = LC + Ler
is seen to increase with increasing vv and decreasing \v, for
given \v and vV9 respectively. [From Eq. (25), the latter effect

' ' is due to decreases in obscuration time rv with \v for given
vv. ] These effects are more pronouced at reduced qcw since,
as shown in Fig. 3, increased char depths admit acceleration
erosion of the relatively more friable char. During re-entry,
therefore, the effects of erosion would be expected to be more
severe for higher cloud or dust layers than for lower ones.
Finally, it is seen that the transient times, defined as the times

with increasing p from Ad>c=Ac
effective damage area becomes

to A d,v

(21)

Equations (18-21) are appropriate for modeling discrete
erosion wherein it is presumed that material to depth Peff is in-
stantaneously removed at intervals reff, with reff being given
by Eq. (18) on replacing AdJ by AMf. (After discrete
removal, the thermal response problem is re-initialized, the
starting in-depth temperature and density distributions being
those for y*> Peff.) For continuous erosion, an effective
mass-exchange factor

(22)

is introduced which is used to calculate a continuous erosion
recession rate

(23)

where pref is taken as either pw or p=\oeff pdy / P e f { . Both
discrete and continuous erosion are considered here and, as
will be shown later, give similar results.

Actually, careful study of the model equations reveal that
the erosion mass-loss problem is fully specified in terms of the
parameters

the at which L =0.9 x Lsteady, decrease with increasing qcw and vv
and decreasing \v. These effects are summarized in Fig. 4;
further properties of the quasi-steady solutions are listed in
Table 2. (For discrete erosion, the results are essentially the
same, as will be demonstrated later.)

With these points in mind, discussion of the full transient
results for a typical re-entry is straightforward. Represen-
tative variations in cold wall heat flux and recovery enthalpy
with time and altitude are displayed in Fig. 5a, with associated
results for L, <550, and total recession being given in Fig. 5b,
for the case of side-wall heating of an ablating nosetip
(0 = 9°). The effects of coupled ablation/erosion are
illustrated for a series of three cloud or dust layers of varying
thickness at altitudes of 51, 34, and 10.4 kft. As expected <550
increases rapidly during the early stages of re-entry and ap-
proaches a quasi-steady value near the peak heating flux.

vv=Gvpp

and

(24)

(25)

together with the end-point ratios G* = GC/GV, Ad>c - Ad>c
/Ad>v, and p* = pv/ pc = 1.222. Physically, \v and vv have
dimensions of length and velocity, respectively, and may be
viewed as the penetration depth and surface erosion recession
rate for virgin material. For the results discussed below, G*
andAdc are fixed at 10 and 3, respectively, which are typical
values from experiment.

Results and Discussion
Before discussing transient results for typical re-entry con-

ditions with coupled ablation/erosion, it will prove useful to
develop the dependence of recession rate (L) and char depth
[650, the depth at which (p-p c) / (pv-pc) =0.5] on the
principal problem parameters, assuming a continuous erosion
model throughout and setting pref = p in Eqs. (22) and (23).
The effects of cold wall heat flux, qcw, and the erosion
parameters, vv and X y , on L and <550 are displayed in Figs. 2
and 3, with Hr =9000 Btu/lb and Pe = 30 atm. From Fig. 2,
it is seen that L—LC for clean air increases with increasing
qcw due to increased thermochemical ablation. As a result, 650
varies inversely with qcw (see Fig. 3) and rapid increases in
char depth are to be expected during the early stages of re-

Therefore, 650 undergoes sharp reductions during erosion,
followed by modest increases between clouds, and then
marked reductions at the reduced heat loads encountered on
approaching ground level. The corresponding character of L
and total recession follow similar trends.

Of interest is the possible application of quasi-steady theory
to the estimation, say, of total recession. Unfortunately, this
is complicated owing to the broad parametric study required
to accommodate the complex variations of Hr, qcw, Pe. and
other parameters with altitude. In general, the curve for
quasi-steady recession will rise less rapidly than that for the
full transient case, relatively larger errors being incurred
during periods of erosion since the quasi-steady L's will
correspond to the reduced values for virgin material. For the
example considered here, rough calculations indicate that the
quasi-steady results for total recession at the end of the trajec-
tory could be from 10 to 20% low; however, the discrepancy
for the stagnation region of the nosetip would be smaller
because the heating loads would be higher and the differences
between L actual and that based on the pure virgin limit
would be considerably smaller (see Figs. 2 and 3).

It remains to discuss the relative features of the erosion
models and their validity. Although erosion actually involves

> 2 10°
t.SEC

Fig. 2 Effects of cold wall heat flux and erosion on surface recession
rate (Pe = 30 atm, Hr = 9000 Btu/lb).
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1 - 3 x icr*
2-3 x JO"4 10-3
3 - 10'3 10'3

2 - 3 x 10'3
3 - 3 x 10-3
4 -3 xJCP*
5 - 10'2 Fig. 3 Effects of cold wall heat flux and erosion on

char depth (/% = 30 atm, Hr =9000 Btu/lb).

t.SEC

complex and poorly understood mechanics of particle-surface
interactions which are at once three-dimensional and time-
varying as well as material state dependent, the model ap-
proaches adopted here require only that the treatment of in-
termediate char states be justified since the models conform to
experimental data for the virgin and fully-charred states. To
this end, the effects of using pw vs the possibly more ap-
propriate p in the continuous model and comparisons of con-
tinuous vs discrete erosion are presented in Fig. 6 for typical
values of \v,vv, and qcw. Although use of pw leads to in-
creasingly higher total recession with increasing Xu than does
p (compare dashed curves), the differences are not excessive.
Thus, any arbitrariness introduced in the handling of in-depth
material state variations may not incur appreciable error. Fur-

ther, the results for the discrete and continuous models (com-
pare solid-dashed curves) indicate that either approaches
satisfactory, and given added support to the simplifying as-
sumptions envoked since the in-depth material state variations
for discrete erosion are relatively more pronounced than are
those for continuous erosion. (The reductions in amplitude
for the oscillations of the discrete curve about the continuous
are due to reductions in obscuration times with increasing
damage area as more char forms.)

The principal basis for the relative success of the simple
models introduced in the present study is the self-limiting
nature of the coupled erosion-char formation process. Since
erosion of char is more facile than that for virgin material,
any tendency for increased rates for formation of char is

Table 2 Quasi-steady results0

7V°R

6923^
Clean 6842

6225

X=10'6 6809
4767

i;=10"4 X=10"3 6830
5075

X=10'1 6838
6073

6915
X=10-6 6259

2912
6921

v=\fr3 X=10' 3 6735
3330
6921

X = 1 0 - > 6807
4561

0864
X=10'6 4593

2500
6905

u=10-2 X=10'3 5421
2525
6905

X=10- ! 6141
2529

PwJb/ft

80.97
74.13
74,0

74.16
74.07

74.14
74.03

74.13
74.0

81.41
74.91
87.38
81.07
74.24
77.88
81.07
74.16
74.12

83.75
84.93
90.21
81.92
77.28
90.14
81.92
75.12
90.13

55o>ft

5.91 xlO'6
8,60 X10'4
2.24 xlO'2

7.40 X10'4
2.36 X10'3

8. 16 XlO- 3

3.23 xlO'3

8.47 xlO'4
1.32X10'2

5.45 XlO 6

2.56 xlO'4
0

8.08 xlO'6
5.76 xlO'4
2.53 xlO'4
8.08 xlO'6
7.35 xlO'4
1.91 xlO'3

0
0
0

J. 83 XlO- 6

9.15 xlO'5
0

1.83 xlO'6
2.24 xlO'3

0

L, fps

7.05 xlO'2
6.49 xlO'3
2.96 xlO'4

7.28 xlO-3

1.47 xlO"3

6.77 xlO'3
1.26 xlO'3

6.58 xlO'3
4.64 xlO'4

7.43 xlO'2
1.42X10'2
5. 88 xlO"3

7.14X10'2
8. 78 XIO ' 3

2.71 xlO'3

7.14X10'2
7.32 xlO'3

1.58 xlO'3

9.81 xlO'2
3.14xlO-2

1.06 xlO'2
7.89X1Q-4

1.90X10'2
1.03 xlO"2

7.89 xlO'4
1.49xlO'2
1.03 xlO'2

Mt*
0

4.10X10'4
1.89 xlO'2

3^27 xlO'4
1.18X10'3

4.22 xlO'4
1.85 XlO* 3

4.10X10'4
1.04 xlO'2

0
0
0
0

2.05 xlO'4
0
0

3. 23 xlO'4
7.96 xlO'4

0
0
0
0
0
0
0
0
0

Vft°
7. 34 xlO'5
1.19X10'3
2.72 xlO'2

1.02X10'3
3,42 xlO'3

1.14X10'3
4.30X10'3

1.18X10-3

1.60 xlO"2

6.70 xlO'5
4.34 xlO'4

1.62 xlO'4

7.21 x lO'5
8. 19 xlO'4
8,77 xlO'4
7.21 XlO- 5

1.02 xlO"3

2.89 xlO' 3

4.36 xlO'5
7.68 xlO'5

0
6.14X10'5
2.39 xlO'4

0
6.14X10"5

3.96 xlO'4
0

aPe = 30 atm, Hr =9000 Btu/lb.
bDistance at which (p-pc)/pc =0.01.
cDistance at which (gv -p)/pv =0.01.
^<7cH> = 105, 104, 103 Btu/secft2 .
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————— CLEAN AIR
————— vv=1(r4

—— vv = 10'3

————— v.. = 1<r2

TRANSIENT TIME DEFINED AS
TIME FOR SURFACE RECESSION
RATE TO REACH 90% OF ITS
STEADY STATE VALUE

Xv = 10'3

X = 10

103 104 105 106

qcw, Btu/FT2 - SEC

Fig. 4 Transient times for approach to quasi-steady recession
(Pe = 30 atm, Hr = 9000 Btu/lb).

ID'1

10-2

10-3

io-4

10'5

I I

qcw = 104, vy = ID'2, ̂  = 1Q-3

— —<-— CONTINUOUS EROSION, BASED ON pw

CONTINUOUS EROSION, BASED ON J

qcw = 104, vv = 10"2, Xv = 10"5

———— DISCRETE EROSION, BASED ON p~
————— CONTINUOUS EROSION, BASED ON p

AND
CONTINUOUS EROSION, BASED ON pw

ioP
t. SEC

Fig. 6 Comparisons of erosion models for total recession.

ALTITUDE, kft

Fig. 5 Typical re-entry, a) environment; b) ablation response.

10'3 ID'2

vv, FT/SEC

Fig. 7 Effects of erosion parameters on /-steaay state f°r continuous
erosion (pref =p].

counteracted by higher erosion rates. This behavior is
illustrated in Fig. 7 for a broad range of the problem
parameters. For example, an order of magnitude increase in
erorion velocity vv from 10~3 to 10~2 (with X, = 10~5 and
qcw = 10,000) results in only an approximate two-fold increase
in recession rate. (This observation breaks down, of course,
for vv sufficiently large since material state variations no
longer are present and L asymptotically approaches vv.)

Conclusions
1) The computational efficiency and stability of finite dif-

ference solutions to the partial differential equations gover-
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ning in-depth conservation of thermal energy and material
decomposition for a pyrolyzing ablator subject to surface
erosion and thermo-chemical ablation is enhanced by means
of quasi-linearization of the surface thermal boundary con-
dition and material decomposition rate expression and fully
implicit finite-differencing of the latter expression.

2) Erosion modeling by means of either discrete or con-
tinuous hypotheses gives essentially equivalent results for sur-
face recession over broad ranges of the problem parameters.

3) A simplified model for erosion of partially charred
material, in which penetration depth is presumed to vary
linearly with material density, is shown to be adequate for
engineering calculations.

4) The application of simplified quasi-steady theory
predicts recession rates which are low for a typical re-entry
trajectory.

Appendix: Stability Limit for Explicit
Iterative Solution of Eq. (5)

Taking Eq. (5) in the form

dp = L dp

PV

dy
-S(p)

and writing an "explicit" difference approximation about
previous iterates

n(c) n
Pi — Pi

A/* 2Av*
Assuming an error e(k} in dp/dt* relative to the converged
solution to the finite difference problem,

where it is presumed that the contribution of the source term
S(p) to error growth or decay may be neglected.
Qualitatively, amplification would therefore be expected to
occur if A/>A>>*/L. This was confirmed by means of
numerical experiment and the explicit procedure was aban-
doned. (A similar result obtains if a fully explicit forward
marching technique is applied.)
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